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1. Introduction

If X is a finite sequence of integers then Y is an increasing subsequence of X iff all elements in Y are in ascending order
and for every pair of elements x and y which appear in X and Y, if x precedes y in Y then x also precedes y in X. The
one which has maximum number of elements (longest) among all increasing subsequences is LIS.

The LIS problem plays a significant role in certain important fields. It is related to the Longest Common Subsequence
(LCS) problem and can be restated as computing the LCS of a sequence and its sorted sequence. Any solution which solves
the LIS problem can be applied to solve the LCS problem. While applying the LIS solution to LCS problem, it is to be
assumed that one string which is having more distinct symbols defines the order of symbols. The LCS can be used in
pattern recognition, file comparison and data compression techniques [17].

The interest in Genome study is increasing day by day. Scientists work on a variety of organisms to sequence the genome
by comparing it with other similar genomes which are already sequenced. In whole-genome alignment process MUMs is
identified using the LIS. MUMs (Maximum Unique Match) is a common subsequence which appears exactly once in each
genome. Thus LIS helps to find the regions of the genome in question which are having gaps [9]. This problem has also
been associated with Young Tableaux [14].

In this paper, we consider the D&C approach to solve the LIS problem. In D&C approach a problem of size n is divided into
one/more smaller sub problems. These sub problems are solved individually and then the solutions of these sub problems
are combined to solve the original problem [13]. In our approach we divide the problem of size n into two sub problems of
equal size (if n is even) or one having size [n/2] and the other having size [n/2] 4 1. Elements of these sub sequences are
processed independently to find the corresponding LISs. While combining the two solutions we use Knuth’s mechanism to
compute the Principal Row of Young Tableau (PRYT). Individual sub problems can be solved in parallel using different set of
processors. However, the solution of two sub problems can be combined only after solving both sub problems. We discuss
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the solution using single processor as well as multiple processors. Throughout the paper we consider - the given sequence
as X, its size as n, X1 and X, as first and second sub problems respectively, x; as the ith element of X, length or size of
a sequence refers to the number of elements in that sequence.

We are presenting an approach which has already been proposed earlier by Alam and Rahman [1]. It is really interesting.
These authors are the first one to solve the LIS problem using D&C approach. In this approach, the data set is divided into
two sub problems recursively until the size of each sub problem reduces to one. Each sub problem is solved individually.
Then to find the solution of the corresponding problem, the solutions of both sub problems are combined by maintaining
the principal row of Young Tableau. The problems with this paper [1] are: first, when sequence is exactly a permutation of
[1...n], it gives optimal solution for some of these permutations, but there are some permutations for which this approach
fails to output optimal solution (a particular case is not handled correctly, discussed later in point c) of case 2); second,
there is gap in the provided algorithmic solution and their proposed approach and third, the proposed approach is designed
to work with the data sequences which are exactly permutations of [1...n]. In our paper, 1) we improved the approach
addressed in [1] so that it works optimally with all permutations of [1...n] and provide correct LIS, 2) we provide correct
algorithm for this improved approach, and 3) this algorithm also works with general data sets, that is, whether a data
sequence is a permutation of [1...n] or not. Also we have discussed the sequences which contain multiple occurrences of
some elements.

1.1. Principal row of Young tableaux

Knuth mechanism determines the principal row of Young Tableau as follows: A sequence of finite integers X is given.
Another subsequence Y (PRYT) is generated. Y has initially one element (first element of X). For each element x starting
from the second element of X, a least index of Y is found such that the element at this index is greater than x. Replace the
element at the index found with x. In case if such an index is not found, place the element at the end of the subsequence.
Ex. X=<2,9,6,8,3,4,7,10 >, the principal row (Y) is <2 34 7 10 >. The position of x in Y indicates the |LIS| which
ends with x. Ex. the LIS which ends with 4 is [9,14,16] and its length is 3 which is same as the position of 4 in Y. The data
structure PRYT keeps track of the smallest element such that it is the last element of LIS of length m, 1 <m <n.

2. Related work

Initially the LIS problem was addressed using dynamic approach which always outputs an optimal solution. Thereafter,
this problem has been viewed and solved by many enthusiastic and experienced researchers using creative and intelligent
methods.

In 1961, Schensted [16] has worked on multiple subsequences using the concept of Young Tableaux and addressed the
increasing and decreasing subsequences. Fredman [12] proposed an approach on the basis of Knuth mechanism which
determines the PRYT. He improved the maintenance of the principal row. For each element x (which is being processed),
to find a least index in PRYT such that the element at this index is greater than x, the author reduced the number of uses
of binary search. According to his approach, the element x is first compared with the last element of the PRYT, if it is not
greater, only in that case, the approach uses the binary search method to find the desired index. The x replaces the element
at the index found. Thus he proved an upper bound ((n — L)logL + O(n)) on the comparisons needed to find the LIS. Alam
and Rahman [1] used divide-and-conquer approach. The problem is divided into two sub problems of almost equal sizes
recursively such that the first sub problem contains the smaller elements from the original sequence and the rest form the
second sub problem. After solving the sub problems individually, their solutions are combined using Fredman'’s approach to
find the LIS. They proposed an algorithm that runs in O(nlogn) time. Bespamyathnik and Segal [4] addressed this problem
by combining Fredman’s method with another efficient data structure formed by Boas [18]. Their proposed solution has
the time complexity O(nloglogn). Crochemore and Porat [8] proposed another solution which takes O(nloglogm) time.
According to this approach, the given sequence is divided into blocks of size m, m > k (k = |LIS|). Each block needed to be
sorted. But sorting each block individually is inefficient. In order to sort the elements of each block, the authors adopted
a strategy. They represent each element of the given sequence by a pair <block_number, element>. Radix sort is applied to
these pairs lexicographically. Thus all elements which belong to the first block are in ascending order and appear before all
the elements which belong to any other block and so on. The elements of the first block are renamed according to their
positions in the sorted sequence and LIS; is found using Fredman’s approach for this block. The elements in the LIS; are
merged with next block, they are renamed and LIS; is found using Fredman’s approach. This process is repeated till the last
block is processed.

Keeping in mind the huge data sets available today which need to be processed, Saks and Seshadhri proposed a solu-
tion which outputs an approximation to the length of LIS. To achieve a better approximation than the existing ones, the
authors represented the data set in a 2-d plane such that x-axis represents the position of the element in the given data
sequence and y-axis represents the actual value of the element. A suitable splitter (point in 2-d plane with x and y value)
is found such that it belongs to the actual LIS. This 2-d plane is then divided into four parts by drawing two lines - one
parallel to x-axis and other parallel to y-axis such that both intersect at the splitter. Then ignoring the left upper part
and lower right part, the problem (given sequence) reduces in size. Further this process is carried recursively on the left
lower part and upper right part to improve the approximation. The solution has én (§ < 0) additive error and it takes
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(logn)€(1/8)°1/%) running time. They also found the approximate solution to distance to monotonicity & 7. The achieved
output is (14 I')-approximation (I" > 0) to &f (¢f =1 — [LIS|/n) [15].

Few important variants of LIS have been presented which are useful in practical life. Sometimes we do not need exactly
increasing sequence but we want a sequence which is generally increasing. That is the requirement is to find a Longest
almost Increasing Subsequence (LalS) such that ith element is not necessarily greater than the (i — 1)th element but its
value should be close to the value of (i — 1)th element. Elmasry [11] has found a solution to LalS problem which runs in
O(nlogk) (k is |LalS|) time. iElmasry’s defines an LalS as follows: suppose the elements from x; to x4 (such that x; < x;;)
of X have been processed and the output sequence LalS Y contains these elements. Also assume that there does not exist
any element which is greater than x; in Y between x; and x;; ;. Then only those elements in X from x;1 to xiyj_1 which
are greater than x; — ¢ (c is a small constant) appear between x; and x;; in Y. This LalS is achieved by finding an LaIS
having largest element x; and this subsequence is formed by finding an LalS having largest element smaller than x; and
appending x; to it. To make the process more efficient, the authors store one element corresponding to each length. That
is after ith iteration, corresponding to every integer m, m < i, the authors maintain a record of the elements of the given
sequence which is the largest element in the LalS of length m till ith element. For an element x which is one of the largest
elements appearing in the LIS being created, this record helps in identifying the number of successors of x in X (which
are smaller than x) which can be placed in LIS after x. Albert et al. [3] provided the solution to LIS of every window
having width w. They have used a data structure that maintains LISs for all suffixes of active window. According to the
data structure, the ith element is inserted in the first row, if it replaces t, then t is inserted in the second row and so
on. Then this data structure is improved by inserting the ith element in every row and by creating a new row with only
this ith element. Certain information is analyzed from the data structure of the first window. This information is then used
to maintain the data structures for subsequent windows. The time complexity of this approach is O(nloglogn + OUTPUT)
(OUTPUT = }_ |LIS;|). Windows having different sizes is another variant. Chen et al. [5] worked on this variant. From an
existing window another window is considered by either ignoring the front element(s) or by including next element(s). The
authors worked by maintaining a linked list of all those elements which form the same height (height of e means the |LIS|
which ends with e). Two data structures Predecessor and Successor are created and maintained for each element. Whenever
window changes these data structures are modified accordingly. Thus the proposed solution takes O(n + OUTPUT + Y _ D;)
time. The time to ignore ith element is D;). Albert et al. [2] proposed the solution to LICS i.e. finding LIS when the front
and end of the sequence is not fixed and only relative ordering is known. The component, t,): identifies the last element
in the LIS of length k when first y elements of the given sequence are processed. This approach maintains a record of
ti’ components. Using this strategy the authors found the LIS which ends not only with smaller elements but also with
other larger elements, and they have used this strategy on two different parts of the sequence. That is, in one part the
LIS of particular length ends with smallest possible element and in other part, another LIS starts with a larger element.
This leads to better chances of merging the solutions. This approach takes O(n3/? logn) time. Sebastian Deorowicz [10] also
considered this same variant - LICS. The authors believe that LICS can be achieved by finding LISs for some rotations only.
They also believe that precompiled covers can be merged more efficiently than finding the cover from the initial stage. Thus
LICS is achieved by considering only certain rotations, by merging precompiled covers and comparing them. This approach
runs in O(min(nl, nlogn, I3 logn)) time. Tseng et al. [6] found the LIS which has minimum height. Minimum height means
the sum of difference between every pair of consecutive elements is minimum. The authors achieved MHLIS in two steps:
a) By finding the maximum length achievable with ith element as the last element (by using Fredman’s approach). b) By
maintaining a data structure (with binary search operation) for each length [ such that it records the last element of all
LISs having length I. Then among these elements, the one which is closest to the ith element with data structure having
length one less than the length achieved in first step and (in a) is chosen as its predecessor. This approach takes O(nlogn)
time. The authors also output a LIS which contain a particular sequence T as its part. To find the LIS containing a particular
subsequence, the authors find the LIS between each pair of consecutive elements from the given constrained sequence.
These LISs are then merged to get the sequence constrained LIS. This approach has been improved by initially finding the
LISs for all the subsequences by using Young Tableau. The proposed solution runs in O(nlog(n + |C|)) time.

3. Problem definition

Y is an increasing subsequence of a finite sequence of integers X such that the elements in Y are increasing and for
each pair of elements a and b of Y, if a < b, then a appears before b in X.

Suppose X is a given sequence, < X1,X2,X3,...X;, >, then Y =< y1, y2, ¥3,...Yq > is an increasing subsequence of X iff
for each i, 1 <i <d, y; < yi+1 and also each y; appears before y;;q in the given X sequence. An increasing subsequence
which is longest among all ISs is LIS. If X =< 69, 10, 24, 76, 38, 34, 35, 41, 44 >, then its LIS is < 10, 24, 34, 35,41, 44 >.

4. Proposed work

In this paper, we present the solution of LIS problem using divide-and-conquer approach.
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4.1. Divide-and-conquer approach

We divide a problem into two equal size problems when n is even. When n is odd the size of the first sub problem is
one less than the size of the second sub problem. The first sub problem contains the smaller elements from the original
sequence and the rest form the second sub problem. This process of division continues recursively until the size of the sub
problem reduces to one. When there is single element in the sub problem, its predecessor is initialized to 0. A predecessor is
a list such that it stores best predecessor for each index in the given sequence. That is Pred[p] = q means the predecessor
of index p is index q (q is a best predecessor of p if ¢ < p and the length of the LIS which ends at pth position is one more
than the length of the LIS which ends at gth position; in case if there are two or more such g, then the position which has
smaller element is chosen as p’s best predecessor). These p and q are global indexes, that is p and q are original positions
in the input sequence. To combine the solutions of two sub problems, two components are considered — 1) their positions
in the original given sequence and 2) Knuth’s mechanism for maintaining PRYT. The predecessors and |LIS|s of only those
indexes which form the second sub problem need updating. Throughout this complete process the position maintaining the
longest length of increasing subsequence is recorded. And from this position the given sequence is processed backward to
find the actual LIS.

Divide — The first n/2 smaller elements form the first sub problem X; and the rest form the second sub problem Xj.
Each element in the sub problem is represented by two components - < value, position > (its value, and its position in the
given sequence).

Now we consider three different types of data sets - 1) The given sequence of size n is exactly permutation of elements
in the range [1...n]. In this case since we know that the middle element is [n/2]. We can simply divide these elements
into X; and X;. Each element x is processed one by one and if x < [n/2], then it is placed in X; otherwise it is placed
in X3. Ex. X=<4,2,5,1,3 > then here since |5/2] =2, X1 =< (2,2),(1,4) > and X; =< (4,1)(5,3), (3,5) >.

2) We might have data set which may not be exact permutation of range [1...n]. Here, to divide the given sequence
we need to know the middle value. So we need sorted sequence. From this sorted sequence the middle element is used to
divide elements into two sub problems. But such data cases can have two different forms - a) X =< 3012, 12, 5000, 200 >
and b) Y =< 300, 298, 301,299 >. Here X contains elements which vary in range [12...5000]. To sort such data which
has large range, the best technique to use is a technique having time complexity O(nlogn). Y contains elements where the
elements are closer to each other. This situation is actually the practical one, where the values in data sets do not vary
much. In such cases the counting sort can be used to sort data with slight modification. Counting sort takes O(k) (when
elements are represented such that they lie in the range [1...k]).

3) The data set can have multiple occurrences of certain elements. In this case after sorting the elements using any
stable technique, we find the value at middle position. But this middle element can have multiple occurrences and the
situation is like first sub problem ends with this middle element and second sub problem starts with this middle element.
Here we need to count the occurrences of middle element in the first half of the sorted sequence. If this count is b,
then only first b occurrences of middle element are included in the first sub problem and rest are included in the second
sub problem. For Ex. X =< 2,4,8,6,2,2,2,1,10,2 >, Xsorted =< 1,2,2,2,2,2,4,6,8,10 >, here the middle element at
position 5 is 2. The number of 2s to be included in X is first 4 2s. Thus X; =< (2,1),(2,5), (2,6), (2,7),(1,8) > and
X, =< (4,2),(8,3), (6,4), (10,9), (2, 10) >.

During this recursive process of division, when only one element is left, its predecessor is initialized to 0. Thus
Pred[1,...,10]=[O0,...,0].

Combine - The solved sub problems are combined to solve the original problem. While considering the whole problem,
the order of elements remains same as in the given input sequence. The input to the combine procedure are - the given
sequence of the form < (value, ind), (value, ind)--- >, the middle element(m_e) which is used to divide the given sequence
into two sub problems and computed predecessors for each global index in both sub sequences independently. Now when
we consider the whole sequence, the predecessors of all those elements which belong to the second sub problem may need
to be updated.

To update predecessors we maintain PRYT using Knuth’s mechanism which is initially empty. We use a data struc-
ture Knuth such that it contains two elements - Knuth[i].val and Knuth[i].ind. Knuth[i].val indicates the element of X
which is present at ith position in PRYT and Knuth[i].ind indicates the position of that element in X. During the combine
phase, we associate with each global index a data structure is_present to keep track of its position in Knuth’s PRYT. That is
is_present[i] = k indicates that ith (global index) element of X is present at kth position in PRYT. If an element is not there
in PRYT or it is removed from PRYT then set is_present[i] = 0. For example the 4th element of X is 20 and it is present in
PRYT at 2nd position, then Knuth[2].val = 20, Knuth[2].ind = 4, and is_present[4] = 2. We insert each element x of X in
PRYT. If x <m_e, it means x € X1 otherwise x € Xy (if m_e occurs more than once, then the number of times this m_e ap-
pears in X; depends on its occurrence in first half of Xsorteq). Now since we know whether x € X1 or x € X3, both situations
are handled in different ways. If an element x belongs to X; and predecessor of x is y, then remove the successor of y
from PRYT and insert x after y in PRYT. If its predecessor is O (x has no predecessor) then replace the first element of PRYT
by x. We maintain a variable longest_LIS_len (initially it is 0) locally to indicate the length of longest LIS (among all the LISs
which end with elements belonging to X; and are processed till now). If an element x belongs to X, and predecessor of x
is y, then remove the successor of y from PRYT and insert x after y in PRYT. If its predecessor is O (x has no predecessor)
then replace (longest_LIS_len + 1)th element of PRYT by x. If x’s predecessor is not present in PRYT, then find the largest
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divide_LIS(X,ij)

{
if(i==))
pred[i] =0
if(j>1)
n=j-i+l;

x = |((-i+1)/2)[;
m_e = Xsorted[i+X-1];
for k=1 ton do
if(xx.val <m_e)
insert this element at the end in Y}
else
insert this element at the end in Y2
divide LIS( Y1, i, i+x-1);
divide LIS( Y2, xHi, j);
combine LIS(X, i, j, m_e);

Fig. 1. Algorithm divide_LIS.

index in PRYT such that it contains the element which is smaller than or equal to x using binary search. Search this index

in PRYT, starting from the index which contains the element of X belonging to X; forming the longest LIS till the end of

PRYT. Replace the element present at the index next to the found index and update the predecessor of x. In case if such an

index is not found, replace the element present at the beginning of PRYT. In both cases whether x € X; or x € X3, if x is

inserted at the end of PRYT, then update the index, max_ind and maximum length, max_Ilen forming the longest LIS globally.
Now consider we are currently at ith element x of X. Two sub problems are combined as follow:

Case 1. If x € X1: a) and predecessor of x is k which is present at jth position in PRYT. That is, we have Pred[i] =k (i and
k are global positions in X) and is_present[k] = j. Then replace (j + 1)th element of PRYT by x (if (j 4+ 1)th element is
not there then place x at (j + 1)th position by extending PRYT). b) Otherwise if x’s predecessor is 0, replace the first
element of PRYT by x. Update certain data structures. That is, set is_present[Knuth[j + 1].ind] = 0 (to indicated the removal
of element present already at (j+ 1)th position of PRYT), Knuth[j + 1].val = x, Knuth[j + 1].ind =i and is_present[i]= j+ 1.
If longest_LIS_len < j + 1, then set longest_LIS_len = j + 1.

Case 2. If x € X,: a) and predecessor of x is k which is present at jth position in PRYT. Then replace (j + 1)th element of
PRYT by x (if there is no element at (j + 1)th position then place x at (j + 1)th position by extending PRYT); b) and if x's
predecessor is 0 (x has no predecessor) then replace (longest_LIS_len+1)th element of PRYT by x; c¢) and if x’s predecessor
(which is non zero) is not present in PRYT (the case which is handled incorrectly in paper [1] - according to the authors of
paper [1], x’s modified predecessor would be the largest element of X; and present in there in PRYT which is not correct),
then find the largest index in PRYT (whether it belongs to X; or X3) such that it contains the element which is smaller
than or equal to x and replace the element at the index next to this index by x. If search fails to find such index, replace
the first element of PRYT by x. For all the cases, update the data structures as we do in Case 1. Update the predecessor of i.

If insertion of x increases the length of PRYT, then update max_ind (to indicate the global index at which the actual LIS
ends) and the max_len (indicates the |LIS|).

The implementation to divide a problem into smaller sub problems is shown in Fig. 1. This algorithm considers the
general data set where data is not exactly permutation of range [1...n]. The combine approach is implemented through
combine_LIS algorithm and is shown in Fig. 2. The state space in Fig. 3 shows the sub problems and their predecessors
when the given sequence is < 8,9,5,2,3,7,10,4,1,6 >.

Let us see the execution of the algorithms by taking an example. Suppose X =< 8,9,5,2,3,7,10,4,1,6 >, during the
division phase recursively when the size of sub problem reduces to 1, its predecessor is set to O.

X is divided into X1 =< (5, 3), (2,4), (3,5), (4,8),(1,9) > and X; =< (8,1), (9, 2), (7,6), (10, 7), (6,10) >.
X1 is further divided into X11 =< (2,4),(1,9) > and X1 =< (5, 3), (3,5), (4, 8) >.

X11 is further divided into X111 =< (1,9) > and Xj12 =< (2,4) >.
X1z is further divided into X121 =< (3,5), > and X122 =< (5, 3), (4, 8) >.
X127 is further divided into Xj221 =< (4,8) > and Xi222 =< (5,3) >.

Similarly X is divided.
Since the size of X111 is 1, its predecessor, Pred[9] = 0. For each sub problem of size one, its predecessor is set to 0. And
thus we achieve Pred[1...10] =10, ...0].
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combine_LIS(X, i, j, m_e)
{
max_ind = 0;
max_len = 0;
longest LIS len =0;
n=j-i+l;
Knutho.val=0;
Knuth ¢.ind=0;
forr=1tondo
k = Pred[X:.pos];
j=is_present[k];
if(Xr.val <m_e)
if(longest_LIS.len < j+1)
longest LIS.len =j+1;
else
if (k==0)
j=longest_LIS.len;
else
if(j==0)
use binary search to find the largest index p such that it
contains the element smaller than X:.val in PRYT from
longest_LIS_len to max_len;
i=p
is_present[Knuth j+1.ind] = 0;
pred[Xr.pos] = Knuth j.ind;
Knuth j+1.val = X:.val;
Knuth j+1.ind = X:.pos;
is_present[Xr.pos] =j+1;
if(max_len <j+1)
max_ind = X.pos
max_len = j+1;

Fig. 2. Algorithm combine_LIS.

X1 =< (2,4),(1,9) > is solved by combining X111 and Xi13. Since 2 € X112, its Pred[4] =0 and longest_LIS_len = 0, 2
is inserted at 1st position in PRYT. Pred[4] does not change. Second element is 1, which belongs to X711 and its predecessor
is 0, replace 1st element by 1. PRYT =< (1,9) > and Pred[1...10] =[O0, ...0].

For similar reasons, when X1,; is solved, we get PRYT =< (4, 8) > and Pred[1...10] =[O0, ...0].

X12 =< (5,3),(3,5), (4,8) > is solved by combining X121 and Xiz,. Since 5 € X133, its predecessor, Pred[3] = 0 and
longest_LIS_ind = 0, 5 is inserted at 1st position in PRYT. Pred|[3] does not change. Next element, 3 € X131 and Pred[5] =0,
replace 1st element by 3. Pred[5] does not change. Set longest_LIS_len = 1. Next element, 4 € Xy3;, Pred[8] = 0 and
since longest_LIS_len = 1, insert 4 at 2nd position. Pred[8] = 5. Thus we get PRYT =< (3,5), (4,8) > and Pred[1...10] =
[0,0,0,0,0,0,0,5,0,0].

X1=<(,3),(2,4),(3,5), (4,8),(1,9) > is solved by combining X1; and X1y.

Iteration 1: PRYT =< (5, 3) > and no other change.

Iteration 2: PRYT =< (2, 4) >, longest_LIS_len = 1 and no other change.
Iteration 3: PRYT =< (2, 4), (3, 5) >, Pred[5] = 4 and no other change.
Iteration 4: PRYT =< (2, 4), (3,5), (4, 8) > and no other change.
Iteration 5: PRYT =< (1,9), (3, 5), (4, 8) > and no other change.

Thus we get PRYT =< (1,9), (3,5), (4,8) > and Pred[1...10]=[0,0,0,0,4,0,0,5,0,0].

X1 =< (7,6),(6,10) > is solved by combining X;1; and X12. We get PRYT =< (6,10) > and Pred[1...10] =
[0,0,0,0,4,0,0,5,0,0].

For similar reasons, while solving X575, we get PRYT =< (9, 2), (10,7) > and Pred[1...10]=[0,0,0,0,4,0,2,5,0,0].

We solve X33 =< (8,1),(9,2),(10,7) > by combining X»; and Xz;. We get PRYT =< (8, 1), (9,2), (10,7) > and
Pred[1...10]=[0,1,0,0,4,0,2,5,0,0].

Now we solve X; =< (8,1), (9,2), (7,6), (10, 7), (6,10) > by combining X2 and X».

Iteration 1: PRYT =< (8, 1) > and no other change.
Iteration 2: PRYT =< (8, 1), (9, 2) > and no other change.
Iteration 3: PRYT =< (7, 6), (9, 2) >, longest_LIS_len = 1 and no other change.
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| <8.9,5.2,3.7.10.4,1,6> |
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| <5234.1> | | <8.9.7.10.6> |
A A A
| <2.1> | <5.3.4> | | <7.6> | | <8.9.10> |
A A o SA A A A A
<]> <> <3> <5,4> <6> <7> <8> <9,10>
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<2,1> <4> <5> <7,6,> <9> <10>
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Pred[3,4,5,8,91=0,0.4,5,0] Pred[1,2,6,7,101=[0,1,0,2,0]

— =

<8,9,5,2,3,7,10,4,1,6>
Pred[1,2,...,10]=[0,1,0,0,4,5,6,5,0,8]

Fig. 3. State Space A=<38,9,5,2,3,7,10,4,1,6 >.

Iteration 4: PRYT =< (7, 6), (9, 2), (10, 7) > and no other change.
Iteration 5: PRYT =< (6, 10), (9, 2), (10, 7) > and no other change.

Thus we get PRYT =< (6, 10), (9, 2), (10, 7) > and Pred[1...10]=10,1,0,0,4,0,2,5,0,0].
Now we solve X =<8,9,5,2,3,7,10,4,1,6 >

Iteration 1: PRYT =< (8, 1) > and no other change.

Iteration 2: PRYT =< (8, 1), (9, 2) > and no other change.

Iteration 3: PRYT =< (5, 3), (9, 2) >, longest_LIS_len = 1 and no other change.

Iteration 4: PRYT =< (2, 4), (9, 2) > and no other change.

Iteration 5: PRYT =< (2, 4), (3,5) >, longest_LIS_len = 2 and no other change.

Iteration 6: Since pred[6] = 0 and longest_LIS len = 2, 7 is inserted at 3rd position. Thus PRYT =< (2, 4), (3,5), (7,6) >
and Pred[6] =5.

Iteration 7: Since 7th element belongs to X, and Pred[7] = 2 which is not there in PRYT (point c of case 2) so a largest index
is searched such that it contains value which is less than 10 in PRYT from index 2(longest_LIS_len) to index 3(max_len). This
index is 3, so 10 is inserted at 4th position. Thus PRYT =< (2, 4), (3,5), (7,6), (10,7) > and Pred[7] = 6. But according to
paper [1], Pred[7] is 5 and resulting PRYT =< (2, 4), (3, 5), (10,7) >. So paper [1] does not handle this particular situation
optimally. But to get the correct optimal solution for this case, we need to apply the binary search, and due to this binary
search the complexity of the entire approach increases from O(nlogn) to o(n log? n).

Iteration 8: PRYT =< (2, 4), (3,5), (4, 8), (10, 7) >, longest_LIS_len = 3 and no other change.

Iteration 9: PRYT =< (1,9), (3, 5), (4, 8), (10, 7) > and no other change.

Iteration 10: Since Pred[10] =0, so 6 is inserted at (longest_LIS_len + 1)th position in PRYT. Thus PRYT =< (1, 9), (3,5),
(4, 8), (6,10) >, and Pred[10] = 8.

Thus we get PRYT =< (1,9), (3, 5), (4, 8), (6,10) >, and Pred[1...10]=1[0,1,0,0,4,5,6,5,0, 8].
Now we prove the correctness of divide and combine operations. It is important to divide the problem into two equal sub
problems to achieve efficiency. The combine operation is responsible for optimal LIS.

Divide - If X is exactly a permutation of range [1...n], then [n/2] is the m_e. Then all x; which are less than or equal
to |n/2] form X; and rest elements form X». If X is not a permutation of [1...n], but it is a random collection of elements
with some elements repeated, then to divide the problem into two equal sub problems we sort X and we consider the
element at middle position as m_e. Also in case of multiple occurrences we count the number of times this m_e appears in
first half of Xsoteq and if this count is b, then during the divide process we include first b m_e(s) in X;. And rest m_e(s)
are included in X;. Thus the divide_LIS procedure divides the data correctly into two sub problems.
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Lemma 1. During the combine phase if x € X1, then its predecessor does not change and if it exists it will always be present in PRYT.

Proof. If x € X1, then its predecessor either does not exist or it is the element which is smaller than x and always belongs
to X;. But LIS for X; is already computed. Since the computation of LIS for X; is optimal, its predecessor remains same. O

Lemma 2. During the combine phase if x € X3, then its predecessor may change and the combine_LIS procedure correctly computes
the predecessor.

Proof. If x € X, then its predecessor may update - if it is 0, then other element which belongs to X; (since it is smaller)
and which forms the longest_LIS_len becomes its predecessor. Otherwise there may be more than one candidate for being its
predecessor. And combine operation correctly identifies the best among these. Suppose while solving X», there were three
candidates (c1, pos1), (c2, posz) and (c3, poss) for being its predecessor such that c; > ¢ > ¢3 and pos; < pos, < poss. Also
suppose the |LIS| that ends with cq is L1, the one that ends with ¢y is Ly, the one that ends with c3 is L3 and L1 > Ly > Ls.
Thus the best candidates for being x’s predecessor is (c1, post). But while combining the solutions the best predecessor may
change due to presence of certain other elements which belong to X;. The Ly, L, and(or) L3 may change and our approach
selects the best among these updated candidates. Let us consider an example. Suppose X =< 10,12,1, 2,3, 8, 14 >. Since
m_e =3, X1 =< (1,3), (2,4), 3,5) and X, =< (10, 1), (12,2), (8,6), (14,7) >.

For X1, Pred[3, 4,5] =0, 3, 4] and for X», Pred[1,2,6,7] =0, 1,0, 2], that is Pred[1,2,...,7]=[0, 1,0, 3, 4,0, 2].

While combining we have, X =< 10,12, 1,2, 3,8,14 > and Pred[1,2,...,7]=[0, 1,0, 3, 4,0, 2], according to our com-
bine approach each element of X is processed one by one. The contents of Pred at different iterations are as follows:

Iteration 1: PRYT = [(10,1)], Pred[1] = O.

Iteration 2: PRYT = [(10,1), (12,2)], Pred[2] = 1.

Iteration 3: PRYT = [(1,3), (12,2)], Pred[3] = 0.

Iteration 4: PRYT = [(1,3), (2,4)], Pred[4] = 3.

Iteration 5: PRYT = [(1,3), (2,4), (3,5)], Pred[5] = 4.

Iteration 6: here since 8 € X, and Pred[6] = 0, then 8 replaces (longest_LIS_len + 1)th element in PRYT. But since there is
no element present at (longest_LIS_len + 1)th position in PRYT, so we simply insert 8 at (longest_LIS_len + 1)th index by
extending PRYT and hence PRYT =< (1, 3), (2,4), (3,5)(8, 6) >, Pred[6] =5.

Iteration 7: here since 14 € X, and its predecessor, Pred[7] = 2 is not there in PRYT (point c of case 2), then 14 is inserted
after the largest index in PRYT which contains the element smaller than 14. That is insert 14 after 8 and we get PRYT =
[(1,3),(2,4),(3,5)(8,6), (14,7)], Pred[7] = 6. And thus we see that Pred[7] is another element which belonged to Xs.
But according to paper [1], modified Pred[7] would be 5 (5th element is 3 and it belongs to X;) and resulting PRYT =
[(1,3),(2,4),(3,5),(14,7)]. O

4.1.1. Multiple occurrences

When some elements appear more than once, in that case we need to count the occurrences of middle element in first
half of the sorted sequence so as to divide the data set into two equal size problems. The algorithm to divide a problem
into two sub problems is given in Fig. 4. If middle element appears b times in first half of Xsorteq, then while combining
the solutions of two sub problems, we handled the first b middle elements as if they belong to X; and rest belong to X5.
When an element appears more than once in X, then LIS can have two variants - a strictly increasing longest subsequence
such that an element appears at most once in the output and the other is non-decreasing longest subsequence such that
the output sequence contains multiple occurrences of some elements.

5. Parallelism

In D&C approach, we divide the LIS problem into two subproblems which are solved independently and then these
two solutions are combined to solve the base problem. So two processors can work independently simultaneously on two
subproblems. When these two sub problems are solved, their solutions are combined. This parallelism can be implemented
by a multithreaded approach discussed in [7]. The approach describes three keywords which support concurrent execution -
spawn, parallel and sync. If there are two procedures which can execute in parallel, then this parallelism can be achieved by
preceding the keyword spawn while calling those procedures. The next spawned procedure may not wait for the previous
spawned procedure. If there is a normal procedure call after a spawned procedure, in that case the normal procedure may
not use the output of the spawned procedure. If it wants to use the output of the spawned procedure, then a keyword sync
must execute before calling the normal procedure. That is if statement sync executes, it means the statement after sync will
only execute if all the spawned procedures called before the sync statement complete their execution [1].

6. Analysis and comparison

The presented D&C approach solves the LIS problem by dividing it into two equal sub problems, solving these sub
problems independently and then combining the solutions to solve the original problem. There are two types of data sets:
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divide_LISGen(X,i,j)
{
if(i==))
pred[i] =0
if(G>1)
n=j-i+l;
x=[((-i+D/2)];
m_e = Xsorted[1+x-1];
fort=itx-1to t>idostep-1
if (Xsoncd[t] = m_e)
at+;
else
break;
for k=1 to n do
if(xk.val <m_e)
insert this element at the end in Y1
if(xx.val == m_e && m<a)
m++;
insert this element at the end in Y1
else
insert this element at the end in Y2
divide LISGen( Y1, i, i+x-1);
divide LISGen( Yz, x+i, );
combine LIS(X, i, j, m_e);

Fig. 4. Algorithm divide_LISGen.

When binary search is not at all executed (case 1) (e.g. A=<8,9,2,10,4,5,6,1,7 >) and when binary search is required
for certain cases (case 2) (e.g. A=< 18,19, 20,8,9,10,13,14,1,2,3,4,12,11,21 >). Let a is the number of elements which
require the binary search to find it predecessor. The recurrence equation for this approach is:

T(n)=2T1n/2)+ O1) case 1
T(n) =2T(n/2) + O(n — a) + O(alogn) case 2

The solution of the case 1 equation is O(nlogn). The case 2 equation is treated as:

T(n)=2T(n/2) + O —a) 4+ O(alogn) and since
2T(n/2) + ®(n —a) + O(alogn) < 2T (n/2) + O(nlogn).

The solution of 2T (n/2) + ®(nlogn) is O(n log?n) (big Oh, which signifies the bound which may or may not be asymp-
totically tight) so the case 2 equation has the solution o(n log2 n) (little Oh, which signifies the bound which is not
asymptotically tight). The presented approach handles all types of data sets optimally using the proposed algorithm. The
presented approach is better than other sequential algorithms since it supports parallelism.

There already exist many other sequential solutions to the LIS problem which are mentioned under the Related Work. But
none of the sequential solutions presented in [16,12,4,18,8] (optimal solution) or [15] (approximate solution) can achieve
parallelism. Our approach outputs an optimal LIS faster than the backtracking and branch-and-bound approach.

7. Conclusion

In this paper we have presented the improvised solution to LIS problem using already existing D&C approach. Improve-
ment in the approach and the proposed algorithm outputs optimal results for all types of data sets. This approach can
be executed in parallel using multiple processors. The time complexity of this approach is O(nlogn) in best and average.
The worst case (when binary search is required for few cases) time complexity is o(nlog?n). The space complexity of this
approach is O(n).
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